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Abstract With the assumption that each appointment patient up in clinic arrives on time, this paper

investigates the appointment scheduling problem with no-show. An integer programming model is estab-

lished with the numbers of appointment patient and probability distribution of remaining patients at each

slot as optimization variables. The objective function includes the benefits of serving patients, the patient

waiting time costs, and system overtime expenses. By relaxing the coupled constraints about probability

distribution of remaining patients at each slot, this paper proposes a Lagrangian relaxation method to

solve the model with a dynamic programming algorithm solving the relaxation problem and a sub-gradient

method solving the dual problem. Numerical experiments show that the algorithm can find the optimal

solution for small scale problems, and that the best solution from the proposed algorithm is better than

the one in the related literature for large scale problems.
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1 æèçéWêWë
, ìWíWîWïWðWñWòWóWôWõWöW÷WøWùWîWïWúWûWóWüWý , þWÿ��������������Wó	��
���
Wý�� , îWï��á�� �������������Wô�õ . ����������� á�� îWï�� á�� � Þ[ä�� 
� �!�" , #�$�%�&�'�( â ó���� [1−5].)
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35 �

á 5W��â�ã .ä â�å � (no-show) æ�ç�è����W�W��é�êWó�
� �X�Y , Rust W [21] h�i	7�8Wó å ��ê�ë�M 30%∼80%,ì�í �����W�W�Wó 9�; R���_�`Wò . ������î F à�0�ï�ð ó�ñ å �Wó�������� B�C�ò Þ n�ó�ô : ä ô�n�õ�ö
e����Wø�÷�ø , û�ù�ú�û�ü | ó����Wø�÷�\�O�ý , ö�ü�þWò L øWó�W�ÿ�N�O � î���ó�����N�O�� â ó â óWý� \�W�� ,���� [2,4,12]. Ho[2] ï�ð ó�æ�n�õ�ö�ó�����.�/�\�����ø�÷�ø , 	�3 9 ö�ó å ��ê�\�P�Q�N�O F
s�ü��Wò L ø�\Wî��Wó�����N�OWý � \ . Tang[4] 
 L ø�w F �Wä�� L ø�\���8 L ø , ï�ð ó�æ�n�
�n å �Wó��� ø , ü�þWò L ø�W�ÿ�N�O � î�������N�OWö�÷��W���W��ý���N�OWó�ý � \ , ��i�% ä�� Z - ' B ó�t�î������=

. Robinson[12] ~ % a ä 
��Wõ ,
F�G %��W����������\���������ó������ B�� ø L øWó�W�ÿ�N�O �î��Wó�����N�OWöW÷����Wý���N�OWóWý � \ , f��������Wô � ���Wó�f�� | - ������� . � ä ô�������� BC æ�n�õ�ö�����û�÷�ø , û�ù�ü | ���Wø�÷Wö�ü��Wò����� �!�e�"�# [13−15]. $�%�% [16] W�h�i�* ä ô����ó�&�'�æ�*�(�ô����Wó�����\�Z�[ . )�*���������� < I , Denton[17] n 2003

ê ä�+ ) á�+�,�- â�ã�ó à. Þ , h�i�ü | ���Wø�÷�) á0/21�3 f�4 ,
ì ä�5�6 ç�è�7�8 [15,18]. 9�:�;�<�=�(�>�?�@ , A�&�B�C�D�E�FG D�H�I ��J�K�L�M�N�O�P�Q�R�S�T�U B�C [15,19], A�V N &�F G�W�X & , Y�Z W�X ,�[ D�E�F�\�] 5�6 RS�T�U�^�_

, `�a Gcbed A�f�g�h�i [�j�k�N�l�m . LaGanga[13−14] =�n�o�p K�q�r�s�N B�C , t Q�u 4�vs�w�x�y�J�K�L�M ?�@ , z�{ s n�|�D�H�} [ g�h N�~�� ?�@ , ��?�@�� K H���������� J�K�L�M����0�2N���
.

E���9�:���]���h N g�h�i [�j�k , ��� s LaGanga � [13−14]
N } [ g�h�z�?���� , 4�z s n�����g�h� M���~�������N�M������ ?�@ , ��� s n�|�D�H����� c¡£¢�¤ N A�f�B�C , ¥�¦�§ s�¨�©�N�T�U�ª�« . ¬

��­�®�¯�°�±�² , = 2 ®�z�{ s g�h�i [�M�� ?�@ , = 3 ®���� s D�H����� c¡e¢�¤ N�³ C , = 4 ®�¦�§ sT�U�ª�«
, ´�µ�n�®�:�¬���¦�§ s�y�¶�·�¸�¹ .

2 º¼»¼½¼¾¼¿¼ÀÂÁÄÃÄÅÂÆ
2.1 Ç�È�É�Ê�Ë�Ì�ÍÎ n���g�h w�xÐÏ , Ñ�Ò y�Ó�Ô ��Õ (session)

�
D, Ö���× � N�Ó�Ô ��Õ�Ø�Ò�Z�Ù�Ú , Û � d. Ü y�ÓÔ ��Õ ��q�� N ����Õ�Ý N g�h�Þ (slot), Ö���g�h
Þ�ß�à Ó�Ô n���× � , á D = N × d.

��s�â H q�r ,ã ��Ñ�ä d = 1. Ñ�ä�× � N ��h�å (no-show) F�Ù
Ú , Û � σ, Z�æ���h�× � F Î Ù�ç�g�h�Þ N�è�é�mê ��ë�ì , `�í�Ö���g�h���Þ�ë�ì N�y × � M�Ó�î�ïð q�ñ

. Ù�ò�ó M Ò�ô�±�õ 1.

2.2 ö�÷�ø�ùú Ò�n���g�h�i [ S,
w�x�y�J�K��

:

û
1 üþýþÿ��������������� 	�


N ����
 �
σ �������������������
S ����������������� , S = [a1, a2, · · · , aN ]′

aj ��������
�������� �
ϕ(·) ���������� �� � ���� �!�"�# �
β(·) ������������$�%� �&���$�%�!�"�# �
π '�(�����������)�*�� �
∂j(m) + j ������
�,�-�.�/�� ��0 m ��1��
γj(x) + j ������
�2�3� �4�5�� ��0 x ��1��
UBs

j + j ������
�����������6�7
UBr

j + j ������
�2�3� �4�5�������6�7

f(s) = B(s)−W (s)−O(s) (1)

2.2.1 8:9:;:<:=:>:?:@ B(s)ú Ò�= j ��g�h�Þ N g�h � M aj , ��Þ Ó�Ô × � N:A�¹:B:C ã õ:D � π(1− σ)aj ,
y�N�Ó�Ô × � A�¹:BC��

:

B(s) =

N
∑

j=1

π(1− σ)aj (2)

2.2.2 E:F:G:H:I:J:K:=:>:L:M W (s)NPO õ 1
N Ò�ô , = j ��g�h�Þ ¶PQ �PRPS � M�� x

NPT å � γj(x), = j ��g�h�Þ ªPU ë�ì � M��
m
N:T å � ∂j(m), Û�= j ��g�h�Þ ¶:Q �:R:S x Z�= j + 1 ��g�h�Þ ª:U ë�ì � M�� m

N:V:W:T å �
θj+1(x, m),

N:O:X S�N:Y {:Z�] θj+1(x, m) = ∂j+1(m)γj(x), [ N:O ª:U ë�ì � M�Ó�î�ï ð q�ñ , ]
∂j+1(m) =

(

aj+1

m

)

(1− σ)mσaj+1−m.
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N:O:n ë n Ó�Ô (FCFS) o:p ,
ã � q:q�_�³:r ����Þ�ë�ì�× � N:A�¹ ���:s K :

W (s) =

a1
∑

m=0

m−1
∑

p=0

β(p)∂1(m) +

N−1
∑

j=1

UBr
j

∑

x=0

aj+1
∑

m=0

m−1
∑

p=0

β(x+p)θj+1(x, m) (3)

t0Ï
β(·)

� Ö���× � ò�H�������Õ N ���Ps K�L�M . (3)
Q0Ï =�n ð � =�n���g�h�Þ�������Õ:uPv N s K ,

µ:w�n ð � = ï Þ�ë�= N Þ�ë�ì�× � q:q u:v N:A�¹ ���:s K .

�:x Ï n:y�F�Ñ�ä β(t)
�:z Z L�M�R�S�ï o L�M [14,17,20]. E�� N ?�@ G D�H:R:S � MPT å q�ñP{:|_�³ Ö�Þ�ë�ì�× �:} u:v N:A�¹ ���:s K , :����:s K�L�M \�] z Z�� � Z:~�A , �:����?�@�� K H β(t)

�
�:��L�M�N����

. � t��:z Z L�M � , á β(t) = ωt, ������Õ:s K ã ¦�n:��õ:D � :

W (s) =

a1
∑

m=0

ω
m(m− 1)

2
∂1(m)+

N−1
∑

j=1

UBr
j

∑

x=0

aj+1
∑

m=0

ω

(

mx +
m(m− 1)

2

)

γj(x)∂j+1(m) (4)

r:� Þ:R:S T å γj(x)
N ò V h Q�� :

γj(x) =

x+1
∑

m=0

∂j(m)γj−1(x −m + 1), j = 1, 2, · · · , N, x ≥ 1 (5)

γj(0) = ∂j(0)γj−1(0) +

1
∑

m=0

∂j(m)γj−1(−m + 1), j = 1, 2, · · · , N (6)

max
∑

x=0

γj(x) = 1, j = 1, 2, · · · , N (7)

t0Ï2��s õ�ì x n , � γ0(0) = 1, UBr
0 = 0.

2.2.3 �:�:�:G:K:=:>:L:M� H���?�@:� K } [ g�h N o:p:�:�:����h , �:� w�x ã:�:� �:������p�§ �:� .
N:O õ 1

N ó M Ò�ô ,w�x�N ��� A�¹ s K�� :

O(s) =

UBr
N

∑

x=0

ϕ(x)γN (x) (8)

t0Ï
ϕ(·)

��w�x ò�H���� � M�N ���:s K�L�M ,
· ���:s K > X , E�� N ?�@�Ú�í�� K H ϕ(t)

�:�:��L�M
N����

, � t��:z Z L�M � , á ϕ(x) = τx, ���:s K ã ¦�n:��õ:D � :

O(s) =

UBr
N

∑

x=0

τxγN (x) (9)

� ; } < , � w�x ���:s K:� ���:s K����:z Z L�M � ,
w�x�~�� ?�@ � :

f∗ = maxB(s)−W (s)−O(s)

s.t.: (5) ∼ (7)
(10)

t0Ï
B(s) � W (s) � O(s)

N�_�³ õ�ì Q�q:q�� (2) � (4) � (9).

3 ����������� �¢¡
Î d <�?�@ Ï , � S

ú Ò�� , γj(x)
N:£:¤¥� h Q (5)∼(7) ¦�n�Ø�Ò .

�:§�� õ�ì ,
ã ��Ü�h Q (5)∼(6)¨:© ±�² N n:y ��Q :

γj(x) =

UBr
j−1
∑

m=0

gj−1(x, m)γj−1(m) (11)

á�= j ����Þ:R:S � M:T å � = j − 1 ��Þ:R:S � M:T å¥ª ��N:z Z:« W , « W�w�M�· aj

N:£:¤ � x,

m ]�ò , ¬:­ _�³:®�Q ±�² .

gj−1(x, m) =



















∂j(x −m + 1) j ≥ 1, UBr
j ≥ x ≥ 1, 0 ≤ m ≤ UBr

j−1

∂j(0) + ∂j(1) j ≥ 1, x = 0, m = 0

∂j(0) j ≥ 1, x = 0, m = 1 ≤ UBr
j−1

0 j ≥ 1, x = 0, 2 ≤ m ≤ UBr
j−1

(12)
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µ:¶ Ü�;:w N�~���j�k õ:D � :

f∗ = max f(s)

s.t.: γj(x) =

UBr
j−1
∑

m=0

gj−1(x, m)γj−1(m) j = 1, 2, · · · , N, x = 0, · · · , UBr
j

UBr
j

∑

x=0

γj(x) = 1 j = 1, 2, · · · , N

(13)

� ~���j�k�N A�f l�[:· ~ Î H�h Q (12), �:��E������ s D�H����� �¢�¤ N B�C .
ú Ò����� c¡¹¸:º

ujx, ¢�¤�h Q (12), :�ç N ���� c¡e¢�¤ L�M�� :

L(s, u) =

N
∑

j=1

π(1− σ)aj −

a1
∑

m=0

ω
m(m− 1)

2
∂1(m)−

N−1
∑

j=1

UBr
j

∑

x=0

aj+1
∑

m=0

ω

(

mx +
m(m− 1)

2

)

γj(x)∂j+1(m)

−

UBr
N

∑

x=0

τγN (x)x +
N
∑

j=1

UBr
j

∑

x=0

ujx

[

γj(x) −

UBr
j−1
∑

m=0

gj−1(x, m)γj−1(m)

]

(14)

:�ç N ���� c¡e¢�¤ j�k�� :

L∗(u) = max
s

L(s, u)

UBr
j

∑

x=0

γj(x) = 1 j = 1, 2, · · · , N
(15)

� s
�

u
ú Ò�� , ¢�¤ L�M L(s, u)

ã �:» © G γj(x)
N:z Z:« W , « W�w�M�·�ú Ò N s

�
u ]�ò ,

� õ
<�B â ,

ã � µ ¨ ¢�¤ L�M :

L(s, u) =

N
∑

j=1

h(aj) +

N
∑

j=1

UBr
j

∑

x=0

kj(x)γj(x) (16)

t0Ï

h(aj) =















π(1− σ)a1 −

a1
∑

m=0

τ
m(m− 1)

2
∂1(m)−

UBr
1

∑

x=0

u1xg0(x, 0), j = 1

π(1− σ)aj , j > 1

(17)

kj(x) =















ujx −

aj+1
∑

m=0

τ

(

mx +
m(m− 1)

2

)

∂j+1(m)−

UBr
j+1
∑

m=0

u(j+1)mgj(m, x), 1 ≤ j ≤ N − 1

uNx − τx, j = N

(18)

ú Ò u, γj(x)
N�w�M:¼�·

aj+1 ]�ò , �:����¢�¤ j�k ã � K:½:¾���� A�f . Ü aj ¿ �:À:¾ , Á:Â�±�²N:½:¾�����L�M
:

Li(y, u) = max
ai+1,··· ,aN
γi,··· ,γN







N
∑

j=i

h(aj) +

N
∑

j=i

UBr
j

∑

x=0

kj(x)γj(x)

∣

∣

∣

∣

∣

∣

UBr
j

∑

x=0

γj(x) = 1, j = i, · · · , N.ai = y







(19)

Ã ¢�¤ j�k ´ ~:¤�·:½:¾�����L�M ]�±�²�ò w :

L∗(u) = max
0≤y≤UBs

1

L1(y, u) (20)

Ä l V���;�< ½:¾�����L�M ]�±�² N:Å:Æ ò w :

Li(y, u)

= max
0≤z≤UBs

i+1







max
ai+2,··· ,aN
γi,··· ,γN







N
∑

j=i

h(aj) +

N
∑

j=i

UBr
j

∑

x=0

kj(x)γj(x)

∣

∣

∣

∣

∣

∣

UBr
j

∑

x=0

γj(x) = 1, j = i, · · · , N.ai = y, ai+1 = z













= max
0≤z≤UBs

i+1







max
ai+2,··· ,aN
γi+1,··· ,γN







N
∑

j=i+1

h(aj) +

N
∑

j=i+1

UBr
j

∑

x=0

kj(x)γj(x)

∣

∣

∣

∣

∣

∣

UBr
j

∑

x=0

γj(x) = 1, j = i + 1, · · · , N.ai+1 = z






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+h(ai = y) + max
γi







UBr
i

∑

x=0

ki(x)γi(x)

∣

∣

∣

∣

∣

∣

UBr
i

∑

x=0

γi(x) = 1, ai+1 = z













= max
0≤z≤UBs

i+1

{

Li+1(z, u) + h(ai = y) + max
0≤x≤UBr

i

ki(x)

}

= max
0≤z≤UBs

i+1

{

Li+1(z, u) + max
0≤x≤UBr

i

ki(x)

}

+ h(ai = y)

(21)

Z
LN(y, u) = max

γN







h(aN ) +

UBr
N

∑

x=0

kN (x)γN (x)

∣

∣

∣

∣

∣

∣

UBr
N

∑

x=0

γN (x) = 1, aN = y







= h(aN ) + max
0≤x≤UBr

N

{uNx − τx}

(22)

���� c¡e::Ç j�k�� :

D∗ = min
u

L∗(u) (23)

��::Ç j�k�N f:È © s:É�j�k�N n���;:Ê . ��::Ç j�k�N A�f ã �:� K:Ë:Ì�N o:Í [�³ C [21].

Ò�ô ³ C�Ù�ò�ó M � ��� ±�õ 2.
Ã ���� c¡e¢�¤ ³ C:�:Î�±�² :

Step 1 Ï é���³ C N:Ð:Ñ ó M , Ò:Ó N, π, σ, τ, ω, ε ��´:Ô:Õ:Ö�o M max iter; Ï é�� Ö�Þ�g�h � M
;:Ê UBs

j �:R:S:v � M�N ;:Ê UBr
j ; � k ← 1, Ï é�� ���� c¡¹¸:º u.

Step 2 i K:½:¾���� º:×:Ø�A�f�¢�¤ j�k�N b¹Ù L�M:¤ curObj.

Step 3 ±:Ú curObj < bestDualObj, Û ¶ ´ ~ b¹Ù L�M:¤ bestDualObj ← curObj; Ü Ã:Ý Step 6;

Step 4 ¢�¤�f N ã § �:Þ:ß .
_�³ Ö�Þ N R:S � M:T å rj(x), A £:É�j�k b¹Ù L�M:¤ bestOriObj, ¥

Û ¶:É�j�k ´ ~ b¹Ù ¤ bestOriObj ��´ ~ ¢�¤�i [ Ø:à bestRelaxScheduling.

Step 5 ±:Ú bestDualObj − bestOriObj < ε,
Ã ´ ~ W�X f:á�ë ,

Ý
Step 8;

Step 6
_�³ o:Í [ ξ, Û ¶ ���� c¡¹¸:º u.

Step 7 ±:Ú k >= max iter,
Ý

Step 8; Ü Ã k ← k + 1,
Ý

Step 2;

Step 8
Ð ��´ ~ ::Ç ¤ bestDualobj, bestOriObj, bestRelaxScheduling.û

2 â�ã�äeågæ�ç�è�é�ê�ë�����ì�í�îï�ð 	�

bestDualObj ñ�ò�ó�ôeõgö�÷
bestOriObj ñ�ò�����øeõgö�÷
curObj ù�ú�ó�ôeõgö�÷
bestRelaxScheduling ñ�ò�f�h�����û�ü
max iter ñ�ý�þ�ÿ�� �
ε þ�ÿ�������ó�ô�&�����÷
k þ�ÿ�� �
u a�b�ced����
ξ ��	��î ;�< ³ CP�PÎ ã �P»�ë�� ³ C N�_�³���
 Ï Î ½P¾�����³ C�� É�j�k b Ù ¤�N�_�³ . :�H ½P¾����³ C ,

t:À:¾
�
��� ? � O(N · UBs),
t0Ï

UBs
� Ö�Þ�g�h � M�N ;:Ê ,

Ä l�P � , n��
�
� N ;:Ê ã � £�
d 2π

ω(1−σ) + 1e, á ·�j�k�� ? N ��ò , Ö�n�� À:¾�N�_�³ G Î UBs + 1 � �0Ï £ ´:Ô ,
_�³����

O(1), �
� ½:¾�����³ C N
�
��[�� O(N). :�H É�j�k b¹Ù L�M:¤�N�_�³ ,

®�Q
(2) ò�H Ó�Ô × � B:C�N�_�³
�
�

Z � O(N);
®�Q

(3) ò�H����:s K�N�_�³ G qPq : r Þ:RPS � MP� ë�ì � M ¦�§ A�¹ A � , �:� _�³����
O(N ·UBr ·UBs),

t0Ï
UBr

� Ö�Þ:R:S � M�N ;:Ê , n��
�
� N ;:Ê � N ·UBs,
N:O d w�ò�H UBs

N�q
r

,
ã
� y�N ���:s K�_�³���� O(N2);

®�Q
(8) ò�H����:s K�N�_�³���� O(N), `�í ã ��V�� w�x�y�J�K_�³�N
�
� Z � O(N) + O(N2) + O(N) = O(N2), �:�
��� ³ C N�_�³
�
��[�� O(N) + O(N2) = O(N2).

4 �������������
���� c¡e¢�¤ ³ C N�ª�« ó M ä
��±�² : g�h�Þ M N

£:¤��
4, 6, 8, 10, 12, 14, 16, 18, ��h�å � 0.2,

0.4, 0.6, 0.8,
³ C N ´:Ô:Õ:Ö�o M�� 500.

��s�«
 g�h�i [�w�x0Ï Ä Ú�ó M : ³ CPZ � N
!�" ,
q:q ä _
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s

9 | Ä Ú N�w�xPBPC �Ps K i�®P�PºP« W ,
Ó�Ô × � BPC �Pº �$#�%����Ps K �Pº � w�x ���Ps K �Pº

(π, ω, τ)
£:¤�q:q��

(1, 1, 1) � (2, 1, 1) � (4, 1, 1) � (1, 2, 1) � (1, 4, 1) � (1, 1, 2) � (1, 1, 4) � (1, 1, 6) � (1, 6, 1),

n
&�ä _ 864 « ª�« « W . û
3 â�ã�äeågæ�ç�è�é�ê�ë�����ì�í�î

����
 � ����� ����6�7 ������� ó�ôeõgö�÷ '�(�)�*�÷

4

0.2 3 1 1 1 1 3.200 3.200

0.4 4 2 1 1 2 2.458 2.400

0.6 4 2 2 2 2 2.145 1.957

0.8 4 4 4 4 3 1.766 1.560

6

0.2 3 1 1 1 1 1 1 4.800 4.800

0.4 4 2 0 2 2 2 1 3.693 3.600

0.6 6 2 2 2 2 2 2 3.427 3.027

0.8 6 4 4 4 4 4 4 2.695 2.329

8

0.2 3 1 1 1 1 1 1 1 1 6.400 6.400

0.4 4 2 0 2 2 0 2 2 1 6.093 5.422

0.6 6 2 2 2 2 2 2 2 2 4.509 3.982

0.8 6 4 0 4 4 4 4 4 3 3.761 3.25

10

0.2 3 1 1 1 1 1 1 1 1 1 1 8.000 8.000

0.4 4 2 2 2 0 2 2 2 2 0 2 6.164 6.000

0.6 6 2 2 2 0 2 2 2 2 2 2 5.255 4.782

0.8 10 4 0 4 4 4 4 4 4 4 3 4.552 3.910
+
, ���� c¡e¢�¤ ³ C�f N ] J Z K ::Ç�Õ
-P�
.�< . õ 3

ú � s Î D ê « W (1, 1, 1) ² ³ C N ¬:­
A�f ¶ Ú (

� õ�ì §
/ ,
¼ à���g�h�Þ M N ≤ 10

N����
).
� H
� M h Q�N
0 Î , ���� c¡e¢�¤ ³ C:á�ë�:

Ç j�k ´ ~:¤:�:É�j�k�N ´ ~:¤�1 Õ ãP� 0 Î32 ]�:PÇ�Õ�- . 4 1 �
4 2
q:q�ú � s Î Ä Ú�ó M « W ²�:

Ç�Õ
-
5���h�å������:s K �:º N������:� ,
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(a) π = 1, ω = 1, τ = 1
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(b) π = 1, ω = 2, τ = 1
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(c) π = 1, ω = 1, τ = 29
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(a) π = 1, τ = 1, σ = 0.4
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(b) π = 1, τ = 1, σ = 0.6
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(c) π = 1, τ = 1, σ = 0.89
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(a) π = 2, ω = 1, τ = 4, σ = 0.4
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(b) π = 2, ω = 1, τ = 4, σ = 0.6
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(c) π = 2, ω = 1, τ = 4, σ = 0.8
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